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Abstract

This work in limited communication control is directed towards bringing together classical control theory and communi-
cation theoretical issues that are of practical importance in the design of control systems. It is common to “decouple” the
communication aspects from the underlying dynamics of a system, as this simpli�es the analysis and generally works well
for classical models. However, in situations where a single decision maker controls many subsystems over a communication
channel of a �nite capacity, the computation of control signals and their transmission to each system may take signi�cant
amounts of time. To address such cases, we consider a class of discrete-time models that jointly optimize over control and
communication goals. Real-world examples where these models play a role include remotely controlled unmanned
autonomous vehicles (UAVs), planetary rovers, arrays of microactuators and power control in mobile communication.
c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

One current research topic receiving a great deal of attention involves the control and coordination of
multiple semi-autonomous subsystems. Examples include eets of unmanned autonomous vehicles (UAVs),
remote planetary exploration with multiple coordinated robots, and the control of microactuator arrays. In
such systems, simultaneous communication with all subsystems may not be possible because of physical or
performance constraints. In the case of UAVs, stealth requirements may prevent continuous communication
between subsystems and the central controller. For planetary rovers, their distance from earth and their limited
on-board power lead to sparse communication patterns. In addition, when the number of subsystems to be
controlled exceeds a threshold, as in the case of large arrays of microactuators, communication at real-time
rates may not be possible. Such examples of control systems are a departure from the usual “continuous
communication” model, and the controller must divide its attention between the subsystems.
The problem with which this paper is concerned is that of stabilizing multiple coupled linear systems under

output feedback when we only have the capability of communicating (read the state and=or set the input)
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with one subsystem at a time and when the overall communication rate is limited. Related problems in hybrid
system theory can be found in [3,6]. Previous work in [5,16,17] has considered the problems of distributed
computation and of system control and estimation with limited bandwidth. Some work speci�cally discussing
systems with communication constraints can be found in [1,4,7,11,13,15]. The work in [7] upon which this
paper is based, addressed the e�ects of communicating sequentially with each of a set of linear systems
and described a method for stabilizing all systems in the set. In particular, this last work showed how the
stabilization problem for multiple periodic linear systems is equivalent to searching for stable elements in
an a�ne subspace. That subspace is spanned by a set of (constant) matrices derived from the systems to
be controlled. Problems of this type do not have useful analytic solutions in general. Work by Blondel and
Tsitsiklis [2] has shown that a discretized version of this problem is NP-hard (see [9] for a discussion of
NP-hard problems).
In Section 3 we present an algorithm for obtaining the matrices that span the a�ne subspace of interest.

We call this method the “extensi�cation” algorithm for reasons that will become clear in the development and
demonstrate its use in Section 4. Section 5 discusses a simulated annealing algorithm for �nding elements in
the subspace that correspond to stabilizing feedback gains for the overall system, if such gains exist. Some
simulation results obtained with these algorithms are presented in Section 6.

2. Problem statement

We start from a �nite collection of linear systems that may be coupled together through their dynamics
and feedback. A single controller makes a choice every �t units of time about which of the systems to
communicate with. The sequence of communication choices e�ectively determines how much attention is
given to each system. Because only one system receives updated control information at each step, each
system receives a �nite amount of attention. The pattern of communication choices de�nes a communication
sequence which we will assume to be periodic. Given the collection of systems and a communication sequence,
we want to �nd a set of constant feedback gains for each subsystem in order to stabilize all systems in the
collection. The solutions we have developed are based on gradient descent and simulated annealing methods
and represent a novel approach to the problem.
The work in [7] suggests combining the time-dependent dynamics of each subsystem with the communication

sequence to arrive at what we call the “extensive form” of the entire collection. This process results in a
single higher-dimensional time-invariant linear system of the form

Z(k + 1) =

(
Â0 +

m∑
1

iÂi

)
Z(k): (1)

The dimension of this system is N ·p2 where N =∑i dim(xi); p is the length of the communication period
and i ∈ R determine the feedback gains.
Under this formulation, the stabilization problem considered in this paper is equivalent to the following:

Let {Âi} ∈ Rq×q be a set of (m + 1) matrices which form the basis of an a�ne subspace, S⊂Rq×q.
Find i ∈ R, such that

Â= Â0 +
m∑
i=1

iÂi (2)

is a stable element of S.

As mentioned above, it is known that the discretized version of this problem is NP-hard.
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3. Extensive form of multiple discrete-time systems

Consider the task of simultaneously controlling the set of n subsystems

xi(k + 1) =
n∑
j=1

Aijxj(k) +
n∑
j=1

Bijuj(k); i = 1; : : : ; n;

yi(k) = Cixi(k)

(3)

with a decision maker which cannot communicate with all subsystems at once. In particular, consider a periodic
communication sequence s with a period of length p where at each step in the sequence data transmission
occurs only for a single subsystem. For now, we will assume that both transmission and reception of data
occur simultaneously and do not require two separate steps in the communication sequence. Generalizing to
the case where data transmission and reception require separate steps is straightforward but requires longer
communication sequences.
The internal dynamics of each subsystem and the dynamic coupling between subsystems evolve indepen-

dently of any communication delays. The control inputs however, are determined by state information which
will not always be up to date. Under the assumption of linear output feedback, the controls ui(k) are given
by

ui(k) =
n∑
j=1

�ijCjxj(k − d(k; s)); (4)

where d(k; s) is a delay that depends on the communication sequence s and the current step k. As a result,
the closed-loop update equations for each subsystem are time-varying and are given by

xi(k + 1) =
n∑
j=1

Aijxj(k) +
n∑
l=1

Bil
n∑
j=1

�ljCjxj(k − d(k; s))

=
n∑
j=1

Aijxj(k) +
n∑
j=1

Fijxj(k − d(k; s)); (5)

where

Fij =
n∑
l=1

Bil�ljCj: (6)

We want to �nd values for the feedback gains �ij such that all subsystems are stable. For conceptual and
numerical reasons, we will combine all time-varying subsystems into a single time-invariant system

Z(k + 1) = (Â0 + Â(�ij))Z(k) (7)

which we will refer to as the extensive form. In this extensive form, the matrix Â0 comes from the drift
dynamics. The e�ects of feedback will be expressed in the gain-dependent matrix Â.

3.1. Drift dynamics

The �rst step in creating the extensive form is to de�ne “bu�er” states, x̂i(k), that contain past state values
for each step in the communication sequence. For the ith subsystem we have

x̂i(k) =



xi(k − p+ 1)

...
xi(k − 1)
xi(k)


 : (8)
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We can then write the drift dynamics for the ith subsystem as a system of dimension dim(xi) · p:

x̂i(k + 1) = (Jp ⊗ I)x̂i(k) +
n∑
j=1

(En;n ⊗ Aij)x̂j(k)

=
n∑
j=1

Ãijx̂j(k); (9)

where Jp is the p × p Jordan matrix composed of all zeros except for ones on the superdiagonal, Ei;j is a
matrix of zeros with a one in the (i; j)th position, and ⊗ is the Kronecker product. 1

3.2. Feedback dynamics

To determine how the gain matrices �ij enter the dynamics of the bu�ered subsystems, we will de�ne an
integer matrix, T , that contains an update sequence for each subsystem. The matrix T will have n rows (one
for each subsystem) and p columns. The (i; j)th entry of T will denote the number of steps from the jth step
of the communication sequence until the next communication with the ith subsystem. The feedback dynamics
for subsystem i at the qth step in the communication sequence can then be expressed as

x̂i(k + 1) =
n∑
j=1

(En;Tjq ⊗ Fij)x̂j(k)

=
n∑
j=1

F̃ ijqx̂j(k); (10)

where

F̃ ijq = En;Tjq ⊗ Fij (11)

and Tjq is the ( j; q)th entry of T .

3.3. Combined drift and feedback

Now, at each sequence step, q= 1; : : : ; p, we can write the evolution of all subsystems as

x̃q(k + 1) =Mqx̃q(k); (12)

where

x̃q(k) =



x̂1
...
x̂n


 ; (13)

Mq =



Ã11 · · · Ã1n

...
Ãn1 · · · Ãnn


+



F̃11q · · · F̃1nq

...
F̃n1q · · · F̃nnq


= Ã+ F̃q: (14)

Notice that because the drift dynamics evolve independent of any communication delays, Ã is constant. Because
the communication sequence is periodic, so is the matrix F̃q. As a result, Mq in Eq. (12) is p-periodic in q.

1 The Kronecker product of two matrices, A ∈ Rm×n and B, is de�ned by

A⊗ B =


 a11B · · · a1nB

. . .
am1B · · · amnB


 :
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We can now rewrite the periodic discrete-time linear system in Eq. (12) as an equivalent higher-dimensional
time-invariant system (see, e.g. [8]). If we de�ne

Z(k) =



x̃1
...
x̃p


 ; (15)

then the time-invariant system given by

Z(k + 1) =




0 · · · 0 0 M1
M2 0 · · · 0 0
0 M3 0 · · · 0

...
0 · · · 0 Mp 0


Z(k) (16)

captures the closed-loop behavior of all the original subsystems (see [12] for an alternative technique). By
construction, stability of the extensive form is equivalent to stability of the original system. Each of the Mi
are a�ne in the �ij, therefore we can extract a basis for the a�ne subspace described in Section 2 and rewrite
Eq. (16) as

Z(k + 1) =

(
Â0 +

m∑
i=1

iÂi

)
Z(k) = ÂZ(k); (17)

where the scalars i determine the feedback gain matrices �ij. It should be noted that the matrices Âi are
sparse by construction.
If we take the pth power of the matrix Â, the result is

Â
p
=



M1MpMp−1 : : : M2 0 0 · · · 0

0 M2M1Mp : : : M3 0 · · · 0
. . .

0 0 · · · 0 MpMp−1 : : : M1


 : (18)

This matrix shows that after a full communication period, the stability properties of the extensive form can
be captured in a lower-dimensional space by considering

z(k + 1) = M̂ z(k); (19)

where M̂=MpMp−1 : : : M1. In this lower-dimensional space, the number of gains is the same as in the extensive
form, however the gains enter the matrix M̂ nonlinearly. If the number of gains is m, then the number of
gain matrix coe�cients for the extensive form is m + 1 while in the lower-dimensional space the number

of gain matrix coe�cients is
∑p

n=0

(
m+n−1
n

)
. Thus, even though the lower-dimensional space has dimension

p ·N (while the extensive form has dimension p2 ·N ), the advantage of shorter algorithm run times is quickly
lost against the memory demands of the large number of gain coe�cient matrices. As an example, consider a
system composed of two coupled single-input second-order subsystems with two outputs each. Under output
feedback, there will be a total of eight feedback gains to be selected. Assuming a communication sequence
of length four, the extensive form will consist of 8 matrices of dimension 64 as opposed to 495 matrices of
dimension 16 for the low-dimensional approach. Assuming each matrix entry occupies two bytes, the memory
requirements are 64 and 247.5 Kb, respectively. This disparity makes the latter method unwieldy as the number
of states and the length of the communication sequence increase.
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4. An extensi�cation example

Consider the example of controlling the two subsystems

x1(k + 1) = A11x1(k) + A12x2(k) + B11u1(k) + B12u2(k);

y1(k) = C1x1(k);

x2(k + 1) = A21x1(k) + A22x2(k) + B21u1(k) + B22u2(k);

y2(k) = C2x2(k) (20)

with a periodic communication sequence [1; 2; 2], where a control value is sent to the �rst subsystem and
then two control values are sent to the second subsystem. We assume that outputs are received at the same
time that control values are sent and that the control values that are sent reect the new output values. The
closed-loop dynamics are then

x1(k + 1) =
2∑
i=1

A1ixi(k) +
2∑
i=1

B1j
2∑
i=1

�jlClxl(k)

=
2∑
i=1

A1ixi(k) +
2∑
i=1

F1jxj(k); (21)

x2(k + 1) =
2∑
i=1

A2ixi(k) +
2∑
i=1

B1j
2∑
i=1

�jlClxl(k)

=
2∑
i=1

A2ixi(k) +
2∑
i=1

F2jxj(k): (22)

With the given three-step communication cycle, the system equations will evolve according to

x1(k + 1) =
2∑
i=1

A1ixi(k) + F11x1(k) + F12x2(k − 1)

x1(k + 2) =
2∑
i=1

A1ixi(k + 1) + F11x1(k) + F12x2(k + 1)

x1(k + 3) =
2∑
i=1

A1ixi(k + 2) + F11x1(k) + F12x2(k + 2)

x1(k + 4) =
2∑
i=1

A1ixi(k + 3) + F11x1(k + 3) + F12x2(k + 2)

...

x2(k + 1) =
2∑
i=1

A2ixi(k) + F21x1(k) + F22x2(k − 1)

x2(k + 2) =
2∑
i=1

A2ixi(k + 1) + F21x1(k) + F22x2(k + 1)

(23)
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x2(k + 3) =
2∑
i=1

A2ixi(k + 2) + F21x1(k) + F22x2(k + 2)

x2(k + 4) =
2∑
i=1

A2ixi(k + 3) + F21x1(k + 3) + F22x2(k + 2)

...

In this case, the two subsystems x1 and x2 are coupled and their dynamics have a periodicity of three steps.
We then de�ne the bu�ered states

x̂1(k) =


 x1(k − 2)x1(k − 1)

x1(k)


 ; x̂2(k) =


 x2(k − 2)x2(k − 1)

x2(k)


 : (24)

The corresponding drift dynamics are

x̂1(k + 1) =


 0 I 0
0 0 I
0 0 A11


 x̂1(k) +


 0 0 0
0 0 0
0 0 A12


 x̂2(k);

x̂2(k + 1) =


 0 0 0
0 0 0
0 0 A21


 x̂1(k) +


 0 I 0
0 0 I
0 0 A22


 x̂2(k):

(25)

Let x̃=[x̂T1 ; x̂
T
2 ]
T. The combined drift and feedback dynamics at each of the three steps of the communication

sequence are

x̃q(k + 1) =Mqx̃q(k); (26)

where

M1 =




0 I 0 0 0 0
0 0 I 0 0 0
F11 0 A11 0 0 F12 + A12
0 0 0 0 I 0
0 0 0 0 0 I
F21 0 A21 0 0 F22 + A22



; M2 =




0 I 0 0 0 0
0 0 I 0 0 0
0 0 F11 + A11 0 F12 A12
0 0 0 0 I 0
0 0 0 0 0 I
0 0 F21 + A21 0 F22 A22



;

M3 =




0 I 0 0 0 0
0 0 I 0 0 0
0 F11 A11 0 0 F12 + A12
0 0 0 0 I 0
0 0 0 0 0 I
0 F21 A21 0 0 F22 + A22



; (27)

Fij =
2∑
l=1

Bil�ljCj: (28)

The state vector of the overall system is then Z = [x̃T1 ; x̃
T
2 ; x̃

T
3 ]
T, and the extensive form is

Z(k + 1) =


 0 0 M1
M2 0 0
0 M3 0


Z(k): (29)
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From the last equation, we can then extract the matrices that correspond to the internal dynamics and to each
element of the feedback gains �ij to arrive at

Z(k + 1) =

(
Â0 +

∑
i

iÂi

)
Z(k): (30)

5. Finding a set of stabilizing gains

After our collection of linear systems has been put in the extensive form as described in Section 3,
the problem of stabilizing the systems becomes equivalent to �nding a stable element of the a�ne subspace

Â= Â0 +
m∑
i=1

iÂi: (31)

Because there may be many choices for the gains i that correspond to stable elements in the subspace, we
will require that the eigenvalues of Â= Â0 +

∑
i iÂi are enclosed in a circle with the smallest possible radius.

This suggests minimizing the spectral radius of the closed-loop system

�= ‖�max(Â)‖: (32)

In general, we expect (and observe in numerical simulations) many local minima; this makes gradient descent
methods ine�ective. Instead, we have developed a modi�ed descent algorithm that uses simulated annealing.
Because the extensive form of our systems essentially expresses their dynamic behavior for each step in the
communication sequence, having the spectral radius of the extensive system be less than unity is equivalent
to stable behavior across all systems. Our algorithm numerically computes the gradient @�=@i and then lets
the gains i ow along that gradient, adding a white-noise term dw with a gain g(t) that decays to zero:

di =
@�
@i
dt + g(t) dw: (33)

The “cooling schedule” g(t) should go to zero as t → ∞, but it should do so at a slow enough rate for the
spectral radius to reach the global minimum.

6. Simulated annealing results

We have simulated a set of two coupled second-order linear subsystems with inputs u; v ∈ R, states x; z ∈ R2
and outputs y; w ∈ R. The input–output relationship is described by[

y(k + 1)
w(k + 1)

]
=
[
G11(z) G12(z)
G21(z) G22(z)

] [
u(k)
v(k)

]
; (34)

where

G11(z) =
(−0:8 + z)(−0:33 + z)(−0:05 + z)

(−2:67 + z)(−1 + z)(−0:33 + z)(−0:33 + z) ;

G12(z) =
2(−1:64 + z)(−0:33 + z)(−0:28 + z)

(−2:67 + z)(−1 + z)(−0:33 + z)(−0:33 + z) ;

G21(z) =
0:95(−2:64 + z)(−1:12 + z)

(−2:67 + z)(−1 + z)(−0:33 + z)(−0:33 + z) ;

G22(z) =
1:95(−2:66 + z)(−0:71 + z)

(−2:67 + z)(−1 + z)(−0:33 + z)(−0:33 + z) : (35)
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Fig. 1. Eiegenvalues of original systems, ‖�max‖ = 2:67.

Fig. 2. Uncontrolled system eigenvalues for s = [1; 2]; ‖�max‖ = 2:77.

Equivalently, a state-space representation is

[
x(k + 1)
z(k + 1)

]
=



1 1=5 0 0
0 11=4 0 1=5
1 1=5 1=3 3=4
0 −1 0 1=4



[
x(k)
z(k)

]
+



0 0
1 1
0 0
1 1



[
u(k)
v(k)

]
;

[
y(k + 1)
w(k + 1)

]
=
[
1 1 0 0
0 0 1 0

] [
x(k + 1)
z(k + 1)

]
:

It should be noted that the open loop system is unstable. Its eigenvalues are shown in Fig. 1.
Also, note that if the coupling between the two subsystems is removed, the �rst subsystem (with state x)

has a spectral radius of 2.75, as opposed to only 0.25 for the second subsystem. This relationship suggests
that a communication sequence that directs more of the controller’s attention to the �rst subsystem may
lead to better performance. In the following, we investigate the performance of our algorithm using two
di�erent communication sequences. Both cases were run with the same cooling schedule, shown in Fig. 4.
The extensi�cation and simulated annealing algorithms were implemented using MatlabTM and in C++.

6.1. Control with uniform attention

If the controller is to pay equal attention to each of the two subsystems, then the communication sequence
may be taken to be [1,2]. After the extensive form is computed, the eigenvalues of the uncontrolled extensi�ed
system are those shown in Fig. 2. Performing simulated annealing on the feedback gains that are available
reduces the spectral radius, but not enough to stabilize the system. The resulting �nal eigenvalues of the
extensi�ed system are shown in Fig. 3. As expected, the closed loop behavior of the overall system is
unstable. A plot of the cooling schedule is shown in Fig. 4. The evolution of the spectral radius for the
overall system is shown in Fig. 5. A representative plot of the state evolution is given in Fig. 6.
The simulated annealing algorithm was stopped after 2000 steps, followed by a deterministic gradient

descent. The cooling schedule was a 1
log(n) decay until the noise gain g(t) reached a level of 0.2 and then
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Fig. 3. Closed loop eigenvalues for s = [1; 2]; ‖�max‖ = 1:2.

Fig. 4. Cooling schedule.

proceeded linearly to zero. These parameters were chosen after some numerical experimentation. Choosing
“good” cooling schedules for the problem studied in this paper remains a subject for further research.

6.2. Towards optimal communication

Motivated by the relative sizes of the eigenvalues for the x and z subsystems, we also investigated a
period-four communication sequence [1,1,1,2], that devotes three cycles to the �rst subsystem for every one
cycle allocated to the second subsystem. The cooling schedule was the same as in the uniform communication
case.
In this case, simulated annealing stabilized the closed-loop system, reducing the spectral radius to 0.817.

The �nal closed-loop eigenvalues are shown in Fig. 7. In addition, the evolution of the spectral radius of
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Fig. 5. Evolution of spectral radius.

Fig. 6. State evolution with s = [1; 2].

Fig. 7. Closed-loop eigenvalues for s = [1; 1; 1; 2]; �max = 0:817.
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Fig. 8. Evolution of spectral radius.

Fig. 9. State evolution with s = [1; 1; 1; 2].

the system is shown in Fig. 8. Finally, a plot of the state evolution starting from a randomly selected initial
conditions is given in Fig. 9.

6.3. Algorithm performance

The extensi�cation and search for stabilizing gains for the system of Section 6.1 took approximately 5 min
to complete on a dual 400 MHz Pentium-II machine running a compiled executable version of the original
MatlabTM code. The computations involved manipulating eight 16× 16 matrices. The example in Section
6.2 took approximately 30 min to complete using the same hardware. In this case, because of the longer
communication sequence, the extensive form was the sum of eight 64× 64 matrices.
For larger systems and longer communication periods, the dimension of the extensive form and the time it

takes to perform a single iteration of the simulated annealing algorithm grow signi�cantly. On the platform
discussed, for eight total states across all subsystems and a communication sequence of length four, the
algorithm requires sixteen 128× 128 matrices and takes 90 sec to complete a single iteration. If the length of
the communication sequence is increased to 5, the dimension of the extensive form is 200, and one iteration
requires approximately 2 min. The running time is expected to scale like N 2·p4.



D. Hristu, K. Morgansen / Systems & Control Letters 37 (1999) 193–205 205

7. Conclusions and future work

In this paper we have presented a solution to a class of problems in feedback stabilization of multiple cou-
pled control systems with limited communication. Our approach is novel in the sense that it brings together
communication and control theoretical issues that arise in this class of problems. Potential applications for
our work include remotely controlled systems, mobile communications, UAVs and other areas where com-
munication with the system(s) of interest is limited. Our algorithm automatically computes the “extensive
form” associated with a collection of linear systems, and proceeds to �nd a set of stabilizing feedback gains
using simulated annealing. Both steps have been implemented using MatlabTM and converted into C++ and
stand-alone PC applications.
The performance of our algorithm depends on the choice of an appropriate cooling schedule in order for

the spectral radius of the overall system to approach its global minimum. In the results presented here, the
cooling schedule was chosen based on numerical experimentation with the particular problem we were trying
to solve. An investigation of strategies for choosing “good” cooling schedules which give optimal performance
for the general problem is in order. A starting point can be the examination of previous work on the subject
(see [10,14]) and a study of its applicability in our case. Further numerical experimentation is needed to
determine the relationship between the number of subsystems (and their sizes) and the completion times
for the simulated annealing algorithm. Shorter run times could also be achieved by taking advantage of the
sparseness of the extensive form.
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